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Abstract 
Casolo, C., On the subnormalizer of a p-subgroup, Journal of Pure and Applied Algebra 77 
(1992) 231-238. 
Let H be a subgroup of the finite group G and let S,(H) be the set of all elements g of G such 
that H is subnormal in (H, g), We prove a formula for the order of S,(H) when H is a 
p-subgroup for some prime p. 
1. Introduction 
If H is a subgroup of a given group G, the ‘subnormalizer’ of H in G, as defined 
by Lennox and Stonehewer in [3, p. 2381 is the set 
In this paper we shall consider oniy finite groups, and subnormalizers of 
p-subgroups, for a given prime p. Our aim is to give a formula for the order of the 
subnormalizer of a p-subgroup in terms of the number of Sylow subgroups 
containing it. Let H be a p-subgroup of the group G; we denote by h,(H) the 
number of Sylow p-subgroups of G containing H, and by a,(H) the number of 
distinct conjugates of H contained in a given Sylow p-subgroup of G. Observe 
that &(H) is the same if we take any conjugate of H, and that, because of the 
conjugacy of Sylow p-subgroups, q(H) does not depend on the choice of the 
Sylow subgroup. By a double counting argument on the set of pairs (K, B), where 
K is a conjugate of H, B a Sylow p-subgroup of G, and K 5 B, one gets 
hAWIG : %W)I = 4H)IG : &@)I > 
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where B E Syl,(G); consequently 
Here we shall prove the following theorem: 
Theorem. Let H be a p-subgroup of the group G, B a Sylow p-subgroup of G. 
Then 
We proved the same result in the special case when G is p-soluble in [l], and 
we refer the interested reader to that paper for more comments and elementary 
properties of subnormalizers of p-subgroups. 
The proof of the p-soluble case was group-theoretical and based on considera- 
tions about the behaviour of subnormalizing elements with respect to normal 
sections; the proof of the general case that we present here is more combinatorial 
in nature, involving the Mobius function and Mobius inversion formula on the 
partially ordered set of p-subgroups of a group. In this context it is convenient to 
work within a topological framework. We introduce in Section 2 the general 
concepts and the notation needed, plus some lemmas regarding group actions on 
finite posets. In Section 3 we specialize to the poset of p-subgroups of a finite 
group, and prove the Theorem. The main reference for the Mobius function of 
posets is [6], while we refer to [2] for the Mobius function on posets of subgroups 
of a finite group; for simplicial complexes associated to posets (particularly in the 
p-subgroups case) we refer to [4,5]. All groups and posets will be finite. 
2. Preliminaries 
The order complex 
Let X be a poset (partially ordered set). The simplicial complex 1x1, called the 
order complex, associated to X is the complex whose vertices are the elements of 
X and whose n-simplices are all chains x,, < x, < . . . < x, of length n in X. This 
allows us to assign topological concepts to posets. Thus we say that the poset X is 
contractible if the associated complex IX] is contractible. If g : X* Y is an order 
preserving map of posets, then g induces a simplicial map I g( : 1X(+ ( YI. We say 
that g is a homotopy equivalence if I g] is a homotopy equivalence; in this case we 
say that the two posets X and Y are homotopy equivalent. A fiber of g is a subset 
of type y\ g = {x E X I g(x) 2 y } , for y E Y. We shall repeatedly use the following 
result of Quillen [4, Theorem A; 5, Proposition 1.61: 
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Proposition 1. If y\g is contractible for all y E Y, then g is a homotopy 
equivalence. 0 
Let now g : X+X be an automorphism of the poset X; we denote by Xg the 
poset of fixed points of g, and by ‘X the poset of all x E X such that there exists a 
y E XR with x I y (i.e. the closure of X” in X). 
Lemma 2. Suppose that g is an automorphism of the meet-semilattice X, and let 
x E X. Then the posets 
X~x={y~XgIy>x} and ‘X,,={yE’XIy>x} (2) 
are homotopy equivalent. 
Proof. If Xt, = 0, then clearly ‘X,, = 0. 
Thus assume Xc, # 0 and let i : X:, + sX,, be the inclusion map. Observe 
also that Xt, is a meet-semilattice. 
For each y E ‘X,,, we consider the fiber 
By definition of “X, y\i is not empty and so, since Xt, is a meet-semilattice, y\i 
has a smallest element; in particular, it is (conically) contractible. By Proposition 
1, the map i is a homotopy equivalence. 0 
Remark. The preceding lemma is no longer true if we drop the hypothesis of X 
being a meet-semilattice. For example, let g be the automorphism of the poset X, 
;.-::: X 
permuting the black points and fixing the white ones. Then X<, is the union of 
two points, while gX,r = X,, is homotopy equivalent to a circle. 
Mobius functions 
Let X be a finite poset. The MGbius function associated to X is a map 
px : X x X-+ Z such that ~~(u, u) = 0 unless u 5 u, px(u, u) = 1 for all u E X 
and 
234 c. cus010 
C ~x(~,x)=O if U<U . 
usxcu 
px is uniquely defined by these rules (see [6]). We shall often omit the subscript X 
when this fact will not cause confusion; if X has a smallest element 0, we write 
PAU) for ~~(0, u) and put AX) = -CxEX PAX). 
The connection with the order complex is given by the following well-known 
fact (see [6]): 
Lemma 3. Let X be a finite poset with minimum 0, then 
P(X) + 1= X(X>“> 3 
where x(X,,)) is the Euler characteristic of the complex IX,,\ associated to the 
posetX,,={xEX/x#O}. Cl 
Now let G be a group of automorphisms of the finite poset X; for x E X we put 
&.(x)={g~Glx~“X} 
={gEG(x5yforsomeyEXg}. (3) 
Lemma 4. Let % be a finite meet-semilattice, and G a group of automorphisms of 
2. Let x E 2. Then 
c l-46 Y)l%AY)l = - c XGm 
Y>X gEG 
(see Lemma 2 for the definition of xt,). 
In particular, if X = X,(,, 
xTx ~(x>l&(x)l = -g;G x(X”> = -1GI 2 (-W, 1 
n 
where t, denotes the number of G-orbits of chains of length II in X. 
Proof. Fix x E X and denote by C,,,C, the set of all chains of even length in X,, 
and the set of all chains of odd length in X,,, respectively. If (T is a chain in X, 
say x,,<x,<...<x,, we put S,(a) = S,(x,). It is then clear that S,(V) is the 
set of all g E G such that (T is a chain in “X (and in gX,x if xg > x). Consider now 
the set of pairs ((T, g) with (T E Co, g E G and g E S,(a). Counting the number of 
such pairs, we get 
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where C,( “X,,) is the set of all chains of even length in gX>, . Let now y > x, and 
write cO( y) for the number of chains of even length in X,,, with y as top element. 
We have 
whence 
g C,(Y)l%(Y)l = x& ICd%)l . (4) 
Analogously, and with the obvious notation, 
y~xc,(Y)l~G(Y)l = gTG Ic1("~>x)l . (5) 
We now remember that the Euler characteristic of a finite simplicial complex 
equals the number of even-dimensional simplices minus the number of odd- 
dimensional ones, and that, for each y > x 
Co(Y) - C,(Y) = -/4x3 Y> . 
By subtracting (5) from (4), we have therefore 
sx l-e> Y)PG(Y)l= c X(“xJ~ 
gtG 
By Lemma 2, “x,, is homotopy equivalent to X”,,; in particular, they have the 
same Euler characteristic. This leads to 
To complete the proof in the case x = 0, observe that an element g E G fixes an 
n-chain x0 < xi . . . < x, of X if and only if it fixes every xi, i = 0, 1, . . , n. Thus 
the number of n-chains in Xg is equal to the number of n-chains of X fixed by g. 
If we denote by D, the set of all n-chains of X, we have therefore, 
2 x(Xg) = c (c (-1)“IDflj = c C-1)” ( c ID:I) 
REG gEG n 
=F (-l>“,Gb, = ,G, && > 
CG 
n 
concluding the proof of the lemma. 0 
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3. Proof of the Theorem 
Let G be a finite group, p a prime dividing ICI. We denote by YP(G) the poset 
of all nontrivial p-subgroups of G, and put g’(G) = YP(G) U (1) (so that .5?‘(G) 
is a meet-semilattice). We will simply write Y and 9 if no confusion arises. Now G 
acts order-preservingly on Y and 9 by conjugation; we are going to apply 
concepts and results of Section 2, with respect to this action. Let H E 9 and 
gEGbesuchthatHissubnormalin(H,g).ThenH~O,((H,g))a(H,g);in 
particular, g normalizes a K E Y with H f K. It follows that the subnormalizer of 
H in G as defined in the Introduction is just the set S,(H) as defined in (3). We 
remember that if H E 9, then h,(H) denotes the number of Sylow p-subgroups 
of G containing H. 
Theorem. Let G be a finite group, p a prime dividing 1 G/. Then: 
(i) For each HE pP(G) 
(ii) For each HE gP(G) 
ISGW>I = wmw)I 1 
where B E Syl,(G). 
(iii) C,,, x(YP(G)‘) = ICI (and so C,, (-l)“t, = 1, where t, is the number of 
G-orbits of n-chains of YP(G)). 
Proof. By induction on ) G/. If G is a p-group, then G = S,(H) for all H 5 G 
and the three properties follow immediately: (ii) is clear, while 
zKZN p(H, K)IS,(K)I = IGI CKzH F(H, K) and the definition of the Mobius 
function yield (i); for (iii) observe that, applying, for example, Lemma 4, 
IGI c (-I)‘?, = - c /-G)lGl= -ICI c /J(K) = ICI. 
n K>l K11 
Thus assume that G is not a p-group. Let Y = .YP(G) and H E Y (so that H # 1). 
Zf H E Syl,(G), then S,(H) = N,(H) and (i) and (ii) are satisfied for H. 
Hence suppose that H is not a Sylow subgroup of G. Then p divides 
IN,(H)IH(. By Lemma 4 we have 
c I-@> K)IS,W)I = - c x(CH). 
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Let g E G. If g$?S,(H), then clearly YcH = 0 and so ~(9’:~) = 0. If g E 
S,(H)\N,(H), then Yp”,, has a smallest element HCg) = ( Hg’ 1 i E N), whence 
C-H is a cone and, in particular, ~(9:~) = 1. We have therefore, 
Observe now that if H < R E Y, then H is subnormal in R and so N,(H) > H. 
Furthermore, if g E N,(H) and R is fixed by g, then N,(H) is fixed by g, and so 
N,(H)/H is fixed by gH E N,(H)IH. Hence the equation f(R) = N,(H)/H 
defines an order preserving map f : Yt,--+ 7fgH, where T = Yp(N,(H) lH). If 
E = K/H E ‘VgH (whence K E Y’), then the fiber 
is a cone with vertex K; in particular, it is contractible. By Proposition 1, YtH 
and VBH are homotopy equivalent (the fact that YH and V are homotopy 
equivalent was already observed by Quillen [5, Proposition 6.1]), and so 
x(‘%H) = dvgH). (7) 
Now, if I?= N,(H)lH, then p divides IN] and IN] < ]G], and so by the 
inductive hypothesis, 
c x(VH) = INI. 
gHE/%' 
By (7) we get 
c x(‘%H)= c xcygH>= IHI c ,dvgH) 
RENG(H) i+%(H) gHtN 
= IHI INI= I%W)l. 
Inserting this in (6), we obtain 
c AH, K)I&(K)I = b’,(W - 2 x(%H) 
HsKEq ~=‘G(H) 
= bWf)~ - k%W = 0. 
Hence (i) holds for every H E TYp(G) 
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Now, an application of the Mobius inversion formula gives (ii) for all nontrivial 
p-subgroups of G. To be more explicit, let H E Y,,(G); we have shown that (i) is 
true for all p-subgroups K L N. Hence, if B is a Sylow p-subgroup of G, 
Also, if H= 1, then h,(l) = IG : N,(B)/ and so IS,(l)1 = (GJ = A,(l)\N,(B)I 
as wanted. Thus (ii) holds. Another application (in the reverse direction) of the 
Mobius inversion formula yields (i). Assertion (iii) follows at once; in fact, 
applying Lemma 4, we have 
= - c I-41, WP,W)I + IWl>l 
Hz1 
=0+1GI=lGl. 0 
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